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It has been shown recently that the orbit space for the (Sobolev extended) gauge
group action admits a stratification into Hilbert manifolds. Here it is shown that
these manifolds carry a natural weak Riemannian structure defined by a metric
that corresponds to the kinetic part of the Lagrangian considered in heuristic
Yang-Mills theories.

1. INTRODUCTION

Consider a pure Yang-Mills theory Y modeled in terms of a smooth
principal bundle P. The space of Yang-Mills potentials of Y is the affine
space € of connection forms of P and the gauge group is the group % of
the automorphisms of P leaving fixed the points of the base manifold. There
is a natural right action # of 4 on € induced by pullback.

Assume that the base of P is a (finite-dimensional) compact, connected,
Riemannian, oriented manifold and that the structure group of P is a
compact, real Lie subgroup of GL(m,C), m> 1. Then for a sufficiently
large integer k a Hilbert manifold €* and a Hilbert Lie group $**' are
defined, containing, respectively, € and ¥ as dense subsets.

By the way they are defined 6* and ¥*** are said to be the Sobolov
extended space of connections of order k and the Sobolev extended gauge
group of order k+1.

The action A of 4 on € can be extended by continuity to a smooth
action 4 of ¥**' on €~

It is reasonable to interpret the elements of €* as defining the field
configurations of Y, regarded as a classical field theory. Then the gauge
invariance of the theory implies that any two elements of € lying in the
same orbit for the action of ¥**! on €* represent the same configuration.
Thus, one is led to conjecture that the quotient space €*/%**' or some
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subset of it can be taken as the “true” configuration space of Y, in view of
a possible Lagrangian-Hamiltonian formulation of Y (see Daniel and
Viallet, 1980; Babelon and Viallet, 1981). For this it is necessary that
(6"/ %**! or a suitable subset of it can be given a smooth quotient manifold
structure and even a (possibly weak) Riemannian structure. This is possible
if €* is replaced by a certain ¢“*'-invariant subset €5 < €* (the space of
generic connections) and 4**' by the quotient group ¥**'/Z, where Z is
the center of ¥**', which is a finite group if one assumes that G is semisimple
[see Narasimhan and Ramadas (1979) for the case of a trivial principal
bundle and Mitter and Viallet (1981) for the general case; compare also
Singer (1978) and Atiyah et al. (1978)]. A more general result has been
given in Kondracki and Rogulski (1983) by showing that the topological
space €*/%**" admits a stratification ¥ into Hilbert manifolds. In more
detail, one has a partition of €* into a countable family (€%) of ¥**'-
invariant submanifolds and for each o the orbit manifold €%/ %**" exists.
Moreover, for a convenient a,, €%, = €4 is an open, dense subset of 6.

The natural question at this stage is whether one can give the quotient
manifolds €%/ %9**" a (possibly weak) Riemannian structure. This structure
should be natural from the mathematical viewpoint and it should be physi-
cally meaningful when we regard 44/%""" as the configuration manifold
of a Yang-Mills theory.

In this paper we give a positive answer to the question by introducing
on the €%/%**' and in particular on 6§/ %9*"' a weak metric, which
corresponds to the “kinematic” part of the Lagrangian considered in the
heuristic formulation of Yang-Mills theories. The content of this paper is
as follows. We first review in some detail the definitions and the results
sketched above [in a formulation substantially equivalent to the one in
Kondracki and Rogulski (1983)]. This will give us the appropriate setting
for the construction of weak matrices on the orbit manifold. The paper is
concluded by a preliminary study of the geodesic structure of the generic
orbit manifold.

2. THE GAUGE GROUP AND ITS ACTION ON CONNECTION
FORMS

The kinematics of a Yang-Mills theory can be formulated by assuming
as basic object a smooth principal bundle P = (R, p, M, G) with total space
R, projection p, base manifold M, and structure group G.

In this paper we shall assume that M is a finite-dimensional, connected,
compact, Riemannian, oriented manifold and G is a compact, real Lie
subgroup of GL(m,C) for some m > 1. The Lie algebra g of G is always
identified with a real Lie subalgebra of M(m, C).
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The fundamental concepts of the theory are those of the space of
connections (physically the space of Yang-Mills potentials) and of the
gauge group. There are several (algebraically) equivalent mathematical
objects describing these notions. The most directly related to P are: (a) for
the gauge group, the group %, of the M-automorphisms of P; and (b) for
the space of connections, the set 4, of principal connection forms of P.

%, is in fact an affine space contained in the vector space of g-valued
smooth 1-forms on R.

Physically the gauge group is introduced in the form of a group of
transformations of the Yang-Mills potentials under which the theory is
invariant.

Correspondingly, in the mathematical model, we have a right action

My 6,XG— 6 (o, f)w o f=f*o)

of 4, on ¥,, induced by pullback.

We now define two sequences of objects isomorphic respectively to %,
and to %,. Consider first the subset 9% of C*(R, G) consisting of the maps
h: R — G satisfying

h(r-a)=a'h(r)a, reR, aeG
%5 is a group by pointwise multiplication and there is a unique group
(anti)isomorphism B5: %, — %5 such that
r-Ba(f)Nr)=f(r), reR

The next step in our sequence requires the following notations. Let % be
the set of the open subsets U = M, U # &, such that P and M are trivializable
on U. For each Uec U let 2, be the set of smooth sections of P over U
and let 2= U ycq 2. We shall denote by dom o the definition set of a
oe3. Consider the subset 4, of II,.s C”(dom o, G) consisting of the
families () oes such that if o, o' €2, then

(1) ga I U = §a| U

(i) Lo=AT"LA
where A is the unique smooth map U — G such that ¢’ = oA. The group
%, is a group for the composition (£,)({,) = ({,{,") and there is a unique
isomorphism B,: 95— %, such that

Br(h)o=hoo, oeX
Similarly, consider the subset €, of the vector space I, A'(dom o, g) consist-
ing of families (/) satisfying
(i) .an ] U = ‘%a‘[ U
(i) A, =AT'A+ATITA
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for o, 0'e 2y and o’ = o+ A [here we are adopting the notation A*(U, F)
for the vector space of k-forms over an open set U of a manifold with
values in a finite-dimensional real vector space F].

It is immediate that 4, is an affine subspace of II,A'(dom o, g) and
it is well known that the map

278 (g2_> (615 az(w)r,.:o*(a)), gex

is a bijection and in fact an isomorphism of affine spaces.

To proceed to the next step, we introduce the associated bundle R x
SM(m, C) defined by the right operation (a, s) » s 'as of G in M(m, C).
We shall pose F=M(m, C) and we shall denote by E the above-defined
associated bundle. F will be always regarded as a real associative algebra.

It is not difficult to see that Er is an associative algebra bundle. In
fact, denoting by r- a the element of E corresponding to (r,z)e RxF
and by pr the projection of Er, we have a natural associative algebra
structure on each fiber p5'(x), x € M, such that

A(r-a)=r-(ra)
r-atr-a'=r-(a+ad’)
(r-a)(r-a")=r-aa’'
repi(x), AeR, a,ad'eF
Moreover, given a section o € 3, with x € U, the map
{x}x F—pF(x), (xa)~a(x) a

is a diffeomorphism and an associative algebra isomorphism. If we choose
for every xe M an element r, € p~'(x), then the sets 7.+ G (resp. r,- g) are
the fibers of a subbundle Eg (resp. E,) of Er. Then Es (resp. E,) is
isomorphic to the associated bundle R x °G (resp. R x “g) defined by the
action of G in G (resp. of G in g) induced by the action of G in F. As for
Ex, one sees that E (resp. E,) is a Lie-group bundle (resp. a Lie-algebra
bundle): each fiber pg'(x) of Eg [resp. p; '(x) of E,] has a natural Lie-group
(resp. Lie-algebra) structure depending smoothly on x. For every xe M,
rep '(x), and s, s’ G (resp. u, u’ € g) the group product of r- s and r- s’
(resp. the Lie product of r- u and r- u') is given by r- ss' {resp. r- [u, u'] =
r- {uu' —u'u)}. Further, pgl(x) can be identified with the Lie algebra of
pa (x).

Now denote C™(¢, V) the set of smooth sections of a smooth bundle
£ over V and put C*(£)= C™(& B) if B js the base manifold of £ We
remark that in view of preceding considerations C*(Eg) has a natural
group structure by pointwise multiplication. Then define ¥ to be the group
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C®(Eg)c C™(Eg). By standard properties of associated bundles one checks

easily that there is a group isomorphism B,: %, — ¥ such that
Bi({)(x)=0o(x) - L, (x), x edom o, ogeX

Finally, consider the subset € of II,,.s L(T(dom &), E,) consisting of
the families (A, ) such that

A (x)h)y=0o(x) - (A, (x)h,)), xedomo, o€X, h,eTM

for some o =(A,)€ 6,. The subset € is an affine subspace of the vector
space I1, L(T(dom o), E,) and we have an affine isomorphism

o 6 — €
a () (x)(h) = o(x) - A, (hs)
In conclusion, we have a canonical group anti-isomorphism
B=pBB: 46— ¢
and a canonical affine space isomorphism
a=oaa;. €—%E
The right action of %, in €, can be shifted to a right action of ¥ in &,
M CxG— G

by requiring that the diagram

My
%2 X gZ _—> (62

M
ExG—— ¢
commutes. With some computations one finds
M(A8)o=(A 8)o=A,+8,'VaLs, 0€Z, Ac% ge9 (1)

where go=g|dom o and V,: C®(Er)— C*(L(TM, E¢)) is the exterior
covariant differential associated with the connection form a '(A) € %,.

3. ISOTROPY GROUPS OF THE GAUGE ACTION

The action of the gauge group on connection froms is not at all free.
Consider first the action #,: €,x 9, — %,. The isotropy subgroups I, < %,,
w € 6,, are closely related to the holonomy groups of w [for the definition
and theory of holonomy groups of a principal connection, see Kobayashi
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and Nomizu (1963)]. Let w be an element of €, and denote by ¢(r), re R,
the holonomy group of w at r [¢(r) is a Lie subgroup of G and, since M
is assumed to be connected, the holonomy groups ¢(r) reR, are all
conjugated to each other in G]. Then we have the following standard result:

Theorem 3.1. Let fe %, and write f(r)=r- g(r), re R. Then f*w = w,
i.e., f is in the isotropy subgroup of %, at o for the action .#,, if and only
if the following conditions hold:

(i) For some roe R, g(r,) belongs to the centralizer of ¢(r,) in G.
(i1) For every piecewise smooth path A: [0, 1]— M with A(0) = p(r,),
one has g(A,(1)) = g(ro), where A, is the horizontal lift of A at r.
Moreover, if (i) and (ii) are satisfied, then g(r) is in the centralizer of
¢(r) Vre R
A similar result can be obtained for the action #:€x 49— 6. Let A
be a fixed element of € and let I, be the isotropy subgroup of % for  at
A. Tt is clear from equation (1) that ge I, iff V,g=0. This equation is
equivalent to conditions similar to (i) and (ii} of Theorem 3.1. To see this,
notice that for re R we can define a map x,: 9 — G by requiring that

r-x(g)=g(p(r)), Vge¥g

In fact, x, is a group homomorphism. Now let ¢(r), r € R, be the holonomy
group at r of the principal connection on P defined by a'(A); then we
have the following analog of Theorem 3.1:

Theorem 3.2. g e 1, if and only if the following conditions are satisfied:

(i) For some roe R, x,,(g) belongs to the centralizer of ¢(r,) in G.
(ii) For every piecewise smooth path A :[0, 1]— M with A(0)=p(ry)
one has

X, (1)(8) = x,(8)
where A, is the horizontal lift (in R) of A.

If (i) and (ii) are satisfied, then for all r € R, x,(g) belongs to the centralizer
of ¢(r) in G.

Condition (i) of Theorem 3.2 tells us that if g € I, then g is determined
by its value at any point x € M. We have in fact a more refined result, which
can be obtained by using the Reduction Theorem of Kobayashi and Nomizu
(1963):

Theorem 3.3. With the notations above forany re R, themap y,: §— G
induces a group isomorphism of I, onto the centralizer Z(¢(r)) of ¢(r)
in G,
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4. SOBOLEV EXTENSIONS OF THE GAUGE GROUP, OF THE
SPACE OF CONNECTION FORMS, AND OF THE GAUGE
GROUP ACTION

If we want to construct a “true” configuration space for a Yang-Mills
theory as a quotient of connections space by the gauge group action in a
differential geometric setting, then the problem arises of giving ¥ and €
smooth manifold structures in such a way that % becomes a Lie group and
the action of 4 on € turns out to be smooth.

This is possible if we admit for ¥ and €, manifold structures modeled
on suitable classes of locally convex vector spaces: see Cirelli and Mania
(1985) and Abbati et al. (1987) for a realization of such a program.

However, from the viewpoint of a geometrization of the Yang-Mills
theories, we need to have on the “true” configuration space something more
than a smooth structure, that is, a (possibly weak) Riemannian structure.
Thus, it seems unavoidable to introduce the so-called Sobolev extensions
of the gauge group ¥ and of the connections space 4. In this way one gets
smooth manifolds modeled on (separable) Hilbert spaces and the possibility
of introducing (weak) Riemannian structures is left open.

We sketch here the main points concerning the construction of Sobolev
extensions of the three basic ingredients of the theory, namely ¥, €, and
the gauge group action .. We adopt the intrinsic formulations of Palais
(1965, 1968).

4.1. Extension of the Gauge Group

A real Hilbert space structure on F = M(m, C) is defined by the scalar
product

(alb)p= J' Re Tr{tat™'(tbt™')*] dh(t)
where dh is the normalized right-invariant Haar measure on G. Notice that
for G = SU(#n) one has simply
(a|b)r =Tr ab*
The scalar product induces a Riemannian structure x » (|), on Er given by
(r-alr-b).=(alb)g, a,beF, xeM, rep'(x)

By Palais (1965, Chapter 1X) we can associate to the Riemannian vector
bundle Er a sequence (discrete Sobolev chain) H*(Eg), s=0,1,..., of
Hilbertable vector spaces which look locally like Sobolev spaces of type L2

Here the term ‘““Hilbertable” space means a topological vector space
whose topology can be defined by a Hilbert scalar product. But for s> 0
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this Hilbert scalar product cannot be chosen in a canonical way. Instead,
on H°(Eg) there is a canonical compatible scalar product (|), induced by
the Riemannian structure of Er and given by

(flg)o= J (f(x)|g(x))xdp., £, g€ H(Er)

where p, is the Lebesgue measure defined by the volume form of M. The
integral converges, since H°(Er) consists of the measurable sections f of
Er such that

J (f(X)If(X))x du, <0

Each H*(Eg) can be identified with a subset of the set of measurable
sections of Eg; with this identification, H*(Ez)> H*"Y(EF), s=0,1,....
Moreover, H°(Eg) is a dense subset of H'(Eg) for s = t, and the topology
of H*(Ey) is finer than the topology induced from H'(Eg). Finally, and
this is essential for the subsequent developments, C*(EFr) is a dense subset
of H*(Eg) for every §=0,1,2,....On each space H*(Er) there is always
a Hilbert scalar product (|), compatible with its topological vector space
structure.

Since Er is an associative algebra-bundle, we have an induced associa-
tive algebra structure of the set I'(Er) of all measurable cross section of
Ep, the algebra operations being defined pointwise. The spaces H*(Eg) are
vector subspaces of I'( E), but in general are not subalgebras, i.e., they are
not closed for pointwise multiplication. Still, one has the following result,
which can be obtained by a straightforward generalization of Palais (1968),
Corollary 9.7:

Theorem 4.1. For s>1dim M, H*(Eg) is a Hilbertable algebra for
pointwise multiplication and VO<J =<s, H’(Eg) is a topological H*(Er)-
module.

By definition, 9= C*(Eg)c C*(Er)c H'(Eg) for s=0,1,2,....
Hence, for every s we can consider the closure 4° of ¢ in H*(Er). Now
let k be the least integer such that k>3 dim M + 1. We shall say that ¥**'
is the Sobolev extension of the gauge group %.

Since G is compact, it is a closed submanifold of the real manifold
F=M(m,C). Hence, combining the ‘“Mayer-Vietoris theorem” of Palais
(1968, Section 4) with the result of Eells (1966, p. 781), one gets:

Theorem 4.2. G*' is a smooth, closed submanifold of H**'(Eg).

Since in a Banach algebra B the set B* of invertible elements is an
open submanifold and fa>f~' is a diffeomorphism B* — B*, from
Theorems 4.1 and 4.2 we have the following result:
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Corollary 4.3. The extended gauge group ¥“*' is a Hilbertable Lie
group for the manifold structure induced from H**'(Eg).

Remark. By Theorem 4.2 and the preceding corollary there is a well
defined smooth map

§"'xH'(Bp)— H'(Er): (g f)~3gfg”!, 0=Js<k

One checks that the canonical scalar prooduct (|), is invariant under this
map. Further, for 0= J < k one can choose a scalar product (|), on H'(Eg)
having the same invariance property. Briefly, we shall say that the scalar
products (|), are ¥**'-invariant.

Taking account of the definition of E,, it is not difficult to see that the
Lie algebra of 9**' can be identified with H**'(E,) [by the choice of k
and Theorem 4.1, H**'(E,) has a natural Lie algebra structure, the Lie
product being defined by [u, v]=uv —ovu].

Moreover, the exponential map of Lie(9“"") into G*** can be identified
with the map

oo u"
Hk+l(Eg)_> Gk+l, U~ eu — Z ___'
n=o 1!

4.2. Extension of the Space of Connection Forms

Let @, be the set of differences A'— A", A’, A”< €. From the definition
of € in Section 2 it follows that @, is a vector space. Thus, € is an affine
space over 9, and for A € € we have a bijection (“affine coordinate map”):

Ag: €—>9,, A—-A-A

IfA,A"e €and A'=(A,), A"=(A]),then A'— A" = (A, — A). Again from
the definition of ¥4 it follows that (A,) € IIL(T(dom o), E,) is in € if and
only if the following condition is satisfied

(¢) Let UceU and o, 0’'€X,; then

1. A, |U=A4A,.
2. If A:U — G is defined by o' = gA, then
Ay=(0-AN)'A (- A)+o-(AT'TA) (*)

One concludes that @, <II L(T dom o, E,) and (B,)el1L(T(dom o), E;)
isin 9, if and only if it satisfies the condition obtained from (c) by replacing
equation (*) with the equation

B, =(o-1)7"'B,(c- 1) (%)
This imples that there is a linear isomorphism

y: @~ D=CY(L(TM, E,))
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such that
y(B)|dom o= B,, oceX
Hence for each A€ € we have a bijective map (affine coordinate map)
Pa=vors: €— 9
Now we observe that there is a canonical isomorphism of vector bundles:
L(TM, Er)~Er® T*M
This induces a linear isomorphism:
C™(L(TM, Er))~ C*(EF®@ T*M)
We shall regard the preceding isomorphisms as identifications. This is useful
since Ex® T*M has a canonical Riemannian bundle structure, as follows.

Since M is an oriented Riemannian manifold, we have a canonical
Riemannian bundle structure on T*M: x > (|) 5, defined by the equation

(ax lﬁx)M,x V(x) =0y A *ﬁx
for a,, B.€ T¥M, where V is the volume form of M and * is the Hodge
operator. The Riemannian bundle structure x ~ (|), on Er® T*M is given
by
(r' a®ax'r' b®Bx)x= (alb)F(axIBx)M,x
for a,, Bye TEM, rep '(x), and a,be F, with (a|b)r being the scalar
product on F defined in Section 4.1.
Then we have, as above, Sobolev chains of Hilbertable space
H (Ez®@T*M), HY(E,QT*M), s=0,1,2,...

Again for 5> 0 there is not a canonical scalar product, while on HY(Er®
T*M) and on H%(E,® T*M) thére is a canonical scalar product

(f lg)o=J (f(x) | g(x))x dus, (2)

Let k>4 dim M +1 be the integer introduced in Section 4.1. Then, since
E, is a closed submanifold of Eg, by the result of Eells (1966) quoted

g

above, H*(E,® T*M) is a closed subspace of H*(Er® T*M). We shall
pose

@* = H*(E,® T*M)
Now let O be any element of €. Put ¢ = L(T*M, E,) = E,® T*M and denote
by I'(¢| V) the set of measurable sections of ¢ over V. Put

<6’5={Ae [1 I'(¢|dom )| A, =0, + B|dom o, BeD"}
oecX
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It is clear that 65> € and it is easily seen that 6% is independent of O € €.
Put

¢ =¢5 and 0c¥
We shall say that €* is the extended space of connection forms. We have
a bijection
¢o: € — I* ¢o(A(Jdomo=A,-0,, oceX

such that ¢q| €= @b, where ¢ is the affine coordinate map yoAg: € — &
introduced above.

The bijection ¢ is itself an affine coordinate map and there is a unique
topological structure I, on €*, compatible with its affine space structure
and such that ¢, is a homeomorphism. One sees easily that T5=9 is
independent of 0 and ¥ is dense in €*. Since the Hilbertable space 2* is
trivially a Hilbertable smooth manifold, it is clear that 6* has a uiique
Hilbertable smooth manifold structure such that for every @ € the triple
co = (€, pg, @) is a chart for this structure. We shall say that the manifold
%" so defined is the manifold of Sobolev extended connection forms, or,
simply, the manifold of connection forms.

In the next section we shall see¢e that the action of ¥ on € extends
uniquely to a smooth action of the éxtended gauge group on the manifold
@~
4.3. Extension of the Gauge Group Action

Let 0 c € be fixed. The action .# : € X ¢ — € given by (1) can be shifted
to an action N: of ¥ in 9 by requiring that the diagram

M
ExY¢ — €

l w1 1 ¥o
N,

GXG-——> F
is commutative. With some computations one gets
Ne(B,g)="B-g=g 'Bg+g 'Vog, Bec%, ge¥ (3)
Equivalently one has
B-g=B+g 'V, g

Now, with the notations of Section 4.2, there is a bilinear morphism of
vector bundles Er@®(E-® T*M)— Ex®@T*M (where ® denotes the
Whitney sum) such that

(r-a,r-b®B)=r-ab®B, , xeM, rea '(x), a beF



162 Berzi and Reni

This bilinear morphism induces a bilinear map (multiplication)
T(Er)XT(EFr®@T*M) > T(Er® T*M), (o,fYm=v- f

by pointwise multiplication. Again from Palais (1968), Corollary 9.7, one
gets the following result:

Theorem 4.4. For ve H*(Ep) and fe H (E®@ T*M), 0=J <k, of e
H’(Ex® T*M); moreover the multiplication map

H¥(Eg)x H (Er® T*M)— H’(EF® T*M), (v, )~ of

is continuous.
Remark. By the preceding theorem there is a well-defined smooth map

G'XH (Ez®T*M)—~ H (ErQT*M), (g, f)»gfg™

and, as in the remark after Corollary 4.3, the canonical scalar product (}),
on HY(Er® T*M) is ¢**'-invariant, while on each H’(Ex® T*M), 0=
J <k, we can choose a ¥**"-invariant scalar product.

Now consider equation (3); Ve: C*(Er)— C¥(Er®@T*M) is a
differential operator of order 1, then its extends by continuity to a continuous
linear map H*''(Ep)— H*(EF®T*M) (Palais, 1965, 1968). This
extension will be denoted again by V. Moreover, the multiplication map
of Theorem 4.4 is the unique continuous extension of the corresponding
multiplication for spaces of C” sections, Hence we conclude that /¢ extends
uniquely to a continuous action @*x "' — @¥ which we shall denote
again by Ny, so

No(B,g)="B-g=g 'Bg+g 'Vog, ge¥"’, Bea" (4
Then we can define 2 continuous action of 9“*' on €*, denoted again .,
by requiring that the diagram

(gk X gk-%l - (6k

l ¢e*1 l (2

@kx (gk+l Yo @k

commutes. The action / so defined will be said to be the extended gauge
group action; it is the unique continuous extension of # : € x §— €. From
the preceding commutative diagram one obtains for J# the expression

M(A,g), = (A 8)o=A,+2;'V g, (5)
Ac€* ge¥9t, g,=g|domo, o€l

where
Vi HYEp)— HY(Er®T*M)
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is the continuous linear map given by
Val(w) = 0o(A)w —wpe(A)+Ve(w),  we H'(Ep)

This map is in fact independent of O and for A< € one has Vi=V,.

Since k>3dim M +1, from the Sobolev embedding theorem [in an
intrinsic formulation, see Palais {1968)] it follows that there are the
inclusions

G'c C*(Er), D*cCYE,®T*M)

and the corresponding inclusion maps are continuous. Hence, by
definition of %* (compare Section 4.2), if Ae¥%* then A,e
C'(E,|dom o ® T*(dom o)). Moreover, again by definition of €, one sees
that the A, satisfy analog of condition (¢) of Section 4.2. From this one
sees that if a' is the inverse of the map a: %,— € of Section 3, then a'
can be extended to a map a'*: €* — %, where €% consists of g-valued
1-forms on R of class C’, which satisfy the same conditions defining the
(smooth) connection forms of P. Then for any A€ €*, a'*(A) defines as in
the smooth case a covariant differential V 4 : C®(Er) — C'(Ex® T*M). The
V 4 is a generalized differential operator in the sense of Cantor (1981), and,
under our assumption on k, it can be extended to a continuous linear map
Va: H**Y(Ep) > H*(E-® T*M). Thus, recalling the map V , introduced
in (5), we have V,=V, forall Ac €~

Further, given w € €5 and rc R, one can define the holonomy group
¢(r) of w as in the C™ case and the theory of holonomy groups of a smooth
connection form can be applied to holonomy groups of w € €,. Thus, the
results of Section 3 concerning the relations between isotropy groups and
holonomy groups can be extended to the action €* x 4" - €* here
defined.

In particular, consider for any r € R the homomorphism x,: 9"' - G
such that r- x,(g) = g o p(r); if I, is the isotropy subgroup of ¥**' at Ae ¢*
and ¢(r) is the holonomy group of @ = a'*(A), then x, maps isomorphically
1, onto the centralizer Z(¢(r)) of ¢(r) in G. Here I, is a subgroup of a
Lie group; it is clear that it is a compact subgroup of ¥“*'. Then it is a Lie
subgroup of 9" and x,: I, — Z(¢(r)) is an isomorphism of Lie groups.
Notice that the center Z(G) of G is always a (normal) Lie subgroup of
%(¢(r)). Then 1, always contains as normal Lie subgroup x, ' (Z(G)). One
sees easily that g € x; (Z(G)) iff g(r)e Z(r- G)=r- Z(G) for every re R.
Hence x; ' (Z(G))=Z(%*™). It follows that, unless G has trivial center,
the action of 9**' in %" is never free [because I, contains Z(¥¢*"")].

A connection A€ €* is said to be generic if I, = Z(9*"")=Z%(G). In
general, the set 4§ of generic connections is a proper subset of €. Still, it
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can be proven that %k is an open dense subset of €* (see Kondracki and
Rogulski, 1983).

5. ORBIT MANIFOLDS INDUCED BY THE EXTENDED GAUGE
GROUP ACTION

One cannot expect, in general, that there exists the orbit manifold for
the action of ¢*"! on €*. Thus, to define a gauge-free configuration manifold
for Yang-Mills theories, one way is to restrict the action of 9**! to the
submanifold %% < €* of generic connections; if Z is the center of 4*"!
then the induced action of 4**'/% on %¢ is then free and the orbit manifold
6L/ (9" /%) does exist (Narasimhan and Ramadas, 1979; Mitter and
Viallet, 1981). Another way, more suitable for physical applications, is to
introduce the subgroup 95*' **! of pointed gauge transformations (i.e.,
fixing a base point * of €*). Now 95" acts freely on the whole manifold
%* and again it can be shown that the orbit manifold (6"/@:;“ exists
(Narasimhan and Ramadas, 1979; Mitter and Viallet, 1981). A more satisfac-
tory approach seems to be the one introduced by Kondracki and Rogulski
(1983). Here the global structure of the topological space €*/%**' is
considered and it is shown that this space admits a stratification into
Hibertable manifolds that are the orbit manifolds for the action of "' on
the members of a countable family of %**'-invariant submanifolds of €*,
including the open submanifold €§ of generic connections. This result can
be improved; in fact, the above orbit manifolds carry a natural weak
Riemannian structure, as will be shown in the next section.

In this section we report the main steps for the construction of these
orbit manifolds in the framework introduced in the preceding sections. We
have

Z={gec¥9 VxeM, g(x)=s scZ(G)} (6)

by identifying Z(G) with a subgroup of (Eg),, Vxe M.
We shall need the following decomposition theorem:
Theorem 5.1. For Ae €* one has

P* =V (H*"'(E,))®Ker Vi

where the closed subspaces VA(H"“(Eg)) and Ker V% of @* are orthogonal
for the H'-scalar product. [The notion of formal adjoint is given here for
a generalized differential operator in the sense of Cantor (1981).]
Remark. For A€ € the decomposition of the theorem is a standard
result of the theory of elliptic operators, since in this case V 4 is a differential
operator with injective symbol. For A€ €* — € the decomposition follows
directly from the generalization of these results to (elliptic) differential
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operators with continuous coefficients [Cantor (1981), Theorem 3.13]. The
meaning of this decomposition theorem becomes clear by considering the
identification map

(pa' X 1gx) - Toa: TE“— € x D" (7)

(which does not depend on A< €“ chosen).
With this identification, if we pose

fai G €, gmA-g
we have
TefA: Hk+1(Eg)~> @ka TefA:VA

[for the identification T,4**'=~ H“"'(E,) see Section 4.1]. Then Theorem
5.1 tells us that the image of T,f, in @* admits a topological supplement
(and the same holds for T, f4, g € 4°""). Incidentally, we remark that, thanks
to (7), to give %* a Riemannian structure it is sufficient to define a scalar
product on @*: in Section 4.2 we have seen that there exists a canonical
%**'invariant scalar product on H°(E,® T*M) and that we can also
choose a ¢*"-invariant scalar product on H*(E,® T*M): so we shall
regard 6* as a weak or strong Riemannian manifold for the metrics associ-
ated with these products.

Now we gquote two results [see, for instance, Kondracki and Rogulski
(1983) Theorems 2.4.9 and 3.2.1) on the action of G**' on €* technically
relevant in connection with the slice theorem below.

Theorem 5.2. The action of 9**' on €* is proper.

One can give a direct proof of this result based on ordinary differential

equations methods.
Theorem 5.3. YA e €* the orbit A- ¥*' is a submanifold of 6*.

To be more precise, it is possible to see that VA c €* the map
ins G I—> 6", {9t~ A-9

is a diffeomorphism onto A - ¢**'.

By using Theorems 5.2 and 5.3 we have the following *‘slice theorem”
[see Kondracki and Rogulski (1983), Theorem 3.3.4]:

Theorem 5.4. YA€ €* there exists a tubular neighborhood of A - §**!
for the action of ¥**' on C*.

We give an explicit expression for this tubular neighborhood. Let
Na={(A, X)e(TE |(A- ¢""))=A- ¢ x g
(X'|Y)o=0, VYeT\ (A 9" )=V,c B}
Ni={(A, X)e Nyt (X'|[X)<e?}, >0
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Then (A, N5, exp| N%), where A is the vector bundle A =(N,, 7, A- ")
and exp is the exponential map associated with the strong metric on €*, is
a tubular neighborhood for the action of ¢**! on ¥*.

Now let

Cls;={Ac € I,e(S)}

where S is any compact Lie subgroup of ¢**! such that there exists at least
one gauge potential A€ €* with isotropy group S, and (S) is the conjugacy
class of § in 9*"". Then €f;, is a submanifold of €, clearly ¢**'-invariant.
A slice theorem holds as well for each submanifold €(s,. In this case a
tubular neighborhood of Ae (65‘5) is given by (v, Nis), exp| N acs))s with
v=(N ), 7 A+ §") and

Nas={(A', X')e N, I Ia xye(8)}
with I 4 x) the isotropy group of (A’, X') for the canonically induced action
of 4**! on T€* (N s, as above).

Moreover, let H, be defined by N 45, |{A} ={A} X H,; then there is a
smooth map

x: Nasy— A-9'xH,, (A, X)»(A,X)

where X is the only element such that g7’ Xg =X’ for any ge ¥ s.t.
A g=A" Nextlet 7: 65— G(s)/ ¥“"" be the canonical projection and let

Us=exp(Nis))
Then we have a smooth map
ha: 7(exp(Nas))= w(Ua) = Ha
A G s (praex - (exp] NZ(S))_I)

From the properties of y one concludes (as in the finite-dimensional case)
the following result:

Theorem 5.5. The orbit manifold %é‘s) =€ 2‘5)/ 4**! exists. Furthermore,
(m(Ua), ¥4, H acs)) acls, is an atlas of R (s).

6. WEAK RIEMANNIAN STRUCTURE ON THE ORBIT
MANIFOLDS s,

In this section we define for the case G =SU(n) on each R s, a weak
metric that is naturally related to the “kinematic” part of the Lagragian
considered in the heuristic formulation of Yang-Mills theories (see, e.g.,
Babelon and Viallet, 1981).
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Let 7: €(s)— R (s be the projection; since # is a submersion, we can
introduce the vector subbundle Ker T# of T‘6f‘s) (see Bourbaki, 1971, 7.5.5).
Denoting by the same symbol the total space of Ker T#, we have

KerTm= U {A}xT.(A- %)
Ae ‘g’(‘s)
The usual proof of the existence of the normal bundle for strong Riemannian
manifolds fails in general in the case of weak ones. So we shall give in
some detail the proof of the following:
Theorem 6.1. The triple v = (Ker Tw*o, 7 |Ker T, C@f‘s)),z where
Ker Trto= U {A}x(Ts(A- G*'))
Acels,
is a vector subbundle of T%(s,. Briefly, Ker T has a weak normal bundle.

Proof. Let $:T€* — €*x 2%, (A, X)» (A, $.X) be the canonical

identification and

Acels) Acgls)
Visy= U {AIxI(TA(A- 9= U {A}xV,
Aecels, Ac€ls,

Since T%(s) is a submanifold of T%* and Ker T is a submanifold of

T%(s), one can give W5, and ¥ s, a differentiable structure such that (i)

# maps diffeomorphically T4(s, on Ws), and Ker Tw on ¥y, and (ii)

V(s) is a submanifold of W s, which in turn is a submanifold of €* x @*.
Moreover,

Ia(Ta(A- G ) = [FA(Ta(A- €],  Ace*
But to prove that » is a subbundle is equalent to showing that
Py TE(sy—~Ker Tm, (A, X) (A, Psa(X))

[where P (s)a: Ta%(s)— Ta(A- %) is the weak orthogonal projection
with kernel T4(A - 9**")*] is a morphism of vector bundles. This, in turn,
is true iff Pigy=9 0P o (F|TE) " is a morphism of vector bundles.
Now consider the inclusion maps &: Wy — 65, xP* and
&' Visy— Bis)x D%, which are smooth because W sy and Vs, are submani-
folds. It is easy to check that one has

Pog=%"0P

where P:6(s)x 2" — 6(s,x 2" is defined by P(A, X)=(A, Py(X)), P,
being the weak orthogonal projection with range V, in @*. One concludes
that P is smooth iff P is smooth.

%1, denotes weak orthocomplementation.
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Lemma 6.2. The map
6lsy—> L(2%,9%), AmP,

is smooth [uniform topology on L(2* 2*)].
Proof. The proof is in several steps. (a) First one observes that VAe
©ls), Pa: D" — 2" may be written in the form
Py= VAGAV;l; (8)
where G, is a kind of Green operator for the ‘“Laplacian” A, =
ViV HYY(E,) —> H*"'(E,). In fact, since A, is elliptic self-adjoint, one
has the following decomposition:

H"YE,)= A (H*"\(E,))®Ker A, | H* '(E,)
= CVI:(IEB %Z—l
generalizing the classical one (Cantor, 1981, Theorem 3.13). Hence, if we

pose 5" =Ker A | H*'(E,) and Al = A,|(95"")* [the orthogonal com-

plement of %% is taken in H*"'(E,)], then A} is an isomorphism onto
YK (by open mapping theorem). Next, define
Ga V' ()t (as above)
Ga= (Af4)_l

Then (8) is readily verified by checking that P, and V,G,V% agree on the
subspaces Ker V%|2* and V,(H**'(E,)) of 2% and so they agree on the
whole @* (Theorem 5.1).

(b) The following construction is useful. Let A€ €(s,, A - 9**" its orbit
in 6fs,. Since iz: 9"/ I~ A- 9" is a diffeomorphism (Theorem 5.3)
and (9", 7', 4*'/1 z, I ) is a principal bundle (Bourbaki, 1971, Theorem
6.2.4), there are an open neighborhood T of A in A- $**' and a smooth
map &: T — 4**! such that

A-£(AN)=A, VAcA ¢ 9)
We shall pose
A exp(Nis|T)=0— ¢+
Ans (270 (exp| Nis)) ")(A)
(#: Nis— A- 9™
(c) With some calculations one verifies the following formulas:

Ad L (D) =55, Ve G VA eg* (10)
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where
Ady,,(9): H'Y(E,)— H**'(E,)

X~ 9X97H Yoe g
Hh =Lie(ly), VA'e%" (11)
In particular, YA'c 0,
Adar(A (AN Z 905 oyt = Lie(Larncan) (12)
Finally one checks, by using tubular neighborhood properties, that
Iyaayi=1z (13)

So, from (12} and (13), it follows that
Ad e (AANNHET) = 5, VA'e 0

and, by 9**'-invariance of weak and strong inner products on H"**'(E,),
we can conclude, VA'e 0,

Ade (A AN = 75!

(14)
Adie o (A(AN(HE) ] = (5"
(d) By (8) part (c) we can write
PA’ =VaoAdi,(A (A')_l o Piges1yro Ad1(A(A) > Ga
o Pytro Adey(A(A) ™) o Preio Ade,(A(A)) e V% (15)

where
Py HNE) — V5!

is the orthogonal projection onto ¥%', [and analogously for Pyt and
P ge+y0]. It is now easy to see that »: 0 — L(D*, @*), A~ P,., is smooth.
In fact, the smoothness of

10— L(2% H*(E,)), A ~»V%
10— L(H*''(E,), 9%), A'~»V,

follows directly from the explicit expressibns of V4 and V% on the other
hand, for the map

v O0-— L(VE (25
A'ms Pgrrnye o Ady (A(A)) o Ga
° Pyt Adi(A(A) ™) o i
where
iys: V= H(E,)
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is the inclusion map, one can observe that v = Inve v’, where
V0 — L(F5TH:, #5)
A~ Pyi-io Adg_ 1 (A(A")) o Ayo Ad i (A(A) o dgpinye
and
igekoys (5 — H(Ey)

is the inclusion map, and Inv is the smooth map T~ T~' defined on the
open set of the invertible operators in L((#5™)*, V5.

This completes the proof of Theorem 6.1 and now we are ready to
construct a weak metric on R(s). Namely, if there exists a map

g TR X ak, TREs)— Ris) xR
such that
go(Trx g Tr)=(mx1g) o g|vX ¢k v (16)
whére
g TEls ¥ ¢, TEs)— Gis) xR

is the weak metric induced on ‘6{‘5) from €, then this map is unique and
smooth, fiber-preserving, and bilinear on each fiber. Such a map does exist,
as one verifies by setting, for a fixed ae &5, and any Ae 77 '(a)

g( TW(A, X)’ TW(A’ Y)) = (7T X lR)g((As X), (Aa Y))a
V(A X), (A, Y)ev|A

and by checking that it is a well-posed definition because it does not depend
on Ae 7 '(a). We have thus proven the following resuit:

Corollary 6.3. There exists one and only one metric g on gié‘s) satisfying
(16). We shall consider @Z‘s) as a (weak) Riemannian manifold for g.

7. SOME REMARKS ON THE GEODESIC FLOW

7.1. Geodesic Spray

The weak metric set up in Section 6 is naturally related to the
“kinetic” part of the Lagrangian considered in the heuristic formulation of
Yang-Mills theories (Babelon and Viallet, 1981) and so it is worthwhile to
study the integral flow of its geodesic field. The local expression for
g Rls)— Met(TRs)),

g'(a)((a, X)(a, Y))=(pr° g)((a, X),(a, Y))



Weak Riemannian Structures on Gauge-Gronp Orbits 171

in a chart (#(U,), ¥a, Hy) for %f‘s) and the canonically induced chart on
T%:(S) X gl(“s)T%z(s) is
4. H5%— L*(H,) (=: bilinear forms on H,) (a7
YXNY, Z)= ( Y- Pexp(A,X) Y|Z - Pexp(A,X)Z)O

(principal part). This equation can be obtained by direct computation,
taking account of the equation

ﬂA'( TA'%?S)) = VA'(‘B HA' VA'e (gz(s)
Equation (17) gives, in a standard way, the equation for the geodesic spray
f:TRE, — T(TR(s)). Locally, if we pose
T(TYa)of - T*lf;l =((pr\, F1)(pr,, F,))
F,,F,, HixH,— Hyu
then F, and F, must satisfy, VZ,, Z, € H,, the equation
DY|x(Fi((X, Y)N(Y, Z)) - D¥9|x(Z))(Y, F\(X, Y)
+9(X)Zy, FxX(X, Y)) - 9XNF\(X,Y), Z,)
= “‘%Dglx(zl)( Y, Y)~9X)(Y, Z)(X, Y)e Tya(T[7(U4)])
=H4x H, (18)
In (18) the left-hand side is just the local expression of the canonical 2-form
on T?/lf‘s). Since this is a weak 2-form (Chernoff and Marsden, 1974, p. 9,
Theorem 5), it is not granted a priori that (18) has solutions F;(X, Y) and
F(X, Y) forevery (X, Y)e Hj x H,. Attempting to solve directly equation
(18) leads to considerable computational difficulties, which can be avoided
_ by observing that at the points (0, Y) € {0} x Hy, F; and F, are simply given
by Fi(0, Y)=Y and F,(0, Y)=0. One concludes that there is a map

f:TRE, — T(TR(s) (defined everywhere in TR(s,) satisfying pointwise

the standard geodesic spray equation; namely
T(Tya)ofo Ty (0, Y)=((0, Y)(Y,0)) (19)
VYeH,, VAe 6,

Now we claim that the map f is smooth, thus giving an everywhere defined
geodesic spray. Again a direct proof of the smoothness of f is somewhat
difficult at this stage, since the transition functions between the charts

(T(Tya), T(T(p(Ua)), HiX HyX Hy X Hy)

and the whole local expression of f are not simple. The smoothness of f
will follow more easily as a by-product of the subsequent developments.
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7.2. Geodesic Flow

Now we look for C® paths in TR(s), u: [ cR— TR/, such that
Tu(E(t))=f(u(t)) Yte I (E =canonical vector field on R). Let I be an
open interval in R and let

5 I— €, B(ty=A+tr, 1Pk
5. I—>Te  6(1)=To(E(1))
v: I— R v=mefp

o: I— TR 6(t)= To(E(1)) = Ta(5(1))

By some machinery [working pointwise on the fibers of TR f‘s, and not on
T(TR(s,) to use JA(TA(@Z‘S)) =V,®H,], one has

To(E(1)) = f(0(1)) (20)
From (20) one concludes that f is smooth. In fact, since

j(y): U {A}XHAC (gfs)X@z{s)
Acefs
is a submanifold of %(s)x @(s), the inclusion map &: #(v)— €fs)x D"
induces a C* map

TE: TH(v) — (€5 X D¥) x (Z* x @)
So
fi I(v) = (€ x B*) < (D" x D))
(A4, X))~ ((A, X),(X,0))
is a smooth vector field on $(v). Now, as it is easy to see, by using (20),
T2 ro(TF o TE ofog)=fc Tn|v

Hence f is smooth and our claim on it is proven. On the other hand, (20)
is the starting point for the following result of classification of the geodesics
of f:

Proposition7.1. (i) Let 5:R— €% §(t) = A+t5, Ac €(s),and ¥(7) e H,
(% is the extension to @¥ of y: B, — D; see Section 4). Let us define
F={teR: 6(r)e ‘6(‘5)} and I the connected component of ¥ containing 0.
If I#{0}, then v=mod|l:1— R{s, is a geodesic path in Rfs,. (ii) Con-
versely, let v:J— R{s, be a geodesic path in R(s, Then there exists
0:J—> ‘éf‘s), 0(t)=A+17, such that v=7 o D,
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7.3. The Generic Stratum

Since the generic stratum R% is open and dense in ®* (Kondracki
and Rogulski, 1983, Theorem 4.3.5), it is the natural candidate for the true
configuration space of a Lagrangian Yang-Mills theory. So it is of interest
to study its geodesic properties. Unfortuantely, a simple analysis of slice
properties of €* gives:

Theorem 7.2. R% is not geodesically complete.

One sees this at once. In fact, for Ae €fs), S# Z,
W =(exp| N3) (65 nexp Ni) N ({A} x 2%)

is open in {A}x@* Hence, choosing ({A}xX)eW, t— v(t)=
exp({A} x tX) = A+tX is a geodesic path in €* such that v(0)=Ae 6f,
and v(t) € €¢ for|t — 1| sufficiently small. A measure of this noncompleteness
is given by the following theorem, which we quote without proof:

Theorem 7.3. Let #:R— €%, 5(t)=A+17, Ae €5, 7(7F)e Ha, I#{0}
(see Proposition 7.1). Then the set A={teR: §(t) € 6&} is nowhere dense
in R.

These results seem to indicate that assuming the generic stratum as
configuration space could be not justified in general. A better understanding
of the meaning of nongeneric strata is presumably required to clarify the
rather unpleasant feature that the configuration space cannot in general be
described by a simple smooth manifold.
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